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Abstract 

We consider the Jacobi operator (J/) n = cbn-lfn-i + ®nfn+l + b n f n on Z with a 
real compactly supported sequences (a n — l) n gz and (frn)nez- We give the solution 
of two inverse problems (including characterization): (a, b) — > {zeros of the reflection 
coefficient} and (a, 6) — ► {bound states and resonances}. We describe the set of "iso- 
resonance operators J", i.e., all operators J with the same resonances and bound states. 

Keywords: Jacobi operator, resonaces, inverse problem 
AMS Subject classification: 81Q10 (34L40 47E05 47N50) 

1 Introduction 

We consider the Jacobi operator J acting on £ 2 and given by 

(Jf)n = a n „ 1 f n „ 1 + a n f n+1 + b n f n , neZ, f = (/^ E f(Z), 
where a real compactly supported sequence q = (q n )nez, <?2n-i = b n , q2 n = 1 — &n satisfies 

Q = {q n )nei £%l = %1(P) = £i+v,2 P -t, for some u,r E {0, 1}, p E N, 
£ m ,k =|(g„)nez e £ 2 (Z) : g m ^ 0,g fc 7^ °, g 2 s < 1, <?n = 0, all s E Z, n E Z\ [m, (1.1) 

for some m,k E Z. For fixed p ^ 1 the sequence g e I{j has the max support and g G 1} 
has the min support and g 7^ 0. It is well known that the spectrum of J has the form 

<t{J) = o-ac(J) U a d (J), a ac (J) = [-2, 2], a d {J) C R \ [-2, 2]. (1.2) 

Define the new variable z E B>\ = {z E C : \z\ < 1} by A = \(z) = z + -. Here X(z) is a 
conformal mapping from Di onto C \ [—2,2]. Denote by ^ = {i^ni z ))°^oo the fundamental 
solutions to 

a n _i^_i + anV'n+i + bni'n = + n E Z, (1.3) 
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ipn(z) — z n , n> p, and tp n (z) — z n , n < 0, |z| ^ 1. (1.4) 

Define the Wronskian {f,u} n = a n (f n u n+1 -u n f n+1 ) for sequences u = (m,,)^, / = (fn) 00 ^- 
If /, it are some solutions of (11.30 . then {/, u} n does not depend on n. The following identities 
hold true: 

^+ = A^j- + Bip~, on §J = S 1 \ {±1}, ^ = ^(z' 1 ), (1.5) 
where S 1 = {z G C : \z\ = 1}, and u = v (z' 1 ) for a function v(z) and 



A=- o' ™ = *W ,^ In, 5 = , s = = , n = z-- 

1 — z z n z z z 

Note that if q = 0, then u; = 1 — z 2 , A = 1,5 = 0. The S-matrix is given by 



5m(z) - v ij+w a(s)- 1 ;' 2GS) ^-t^' (L7) 

where ^ is the transmission coefficient and R± is the reflection coefficient. For each 2 G §J 
the scattering matrix Sm is unitary and satisfies 

\A(z)\ 2 = 1 + \B(z)\ 2 <S> m(z)«;(z- 1 )+77 2 (z) = s(2)5(2- 1 ), (1.8) 

det5^) = ^ = -^ = -^^. (1.9) 
A(z) u>(z) w(z) 

In the case of compactly supported q it is convenient to work with the polynomials w, s. 
Thus Sm is meromorphic in the complex plane C and the poles of Sm are the zeros of w. 
Let Xj,j G = .., — 1, 1, n + }, N = n + — n_ ^ be the bound states of J and 
Xj = Zj + z" 1 , where Zj are all zeros of w in Dj and the sequence -Etv = { z j)j&N satisfies 

- 1 < z n _ < ... < z-i < < Zi < ... < z n+ < 1 for some ± n ± > 0. (1.10) 

Recall that w has only these real zeros in Di (otherwise J has a non-real eigenvalue). 
The main goal of this paper is to prove the following results: 

i) the mapping (a,b) — > {bound states, zeros of the reflection coefficient} is 1-to-l and onto, 

ii) the mapping (a, b) — > {bound states, resonances and some sequence a = (cr ra )™, a n = ±1, } 
is 1-to-l and onto, 

Hi) we characterize "iso-resonance Jacobi operators J", i.e., all operators J with the same 
resonances and bound states. 

The inverse spectral problem consists of the following parts: 

i) Uniqueness. Prove that the spectral data uniquely determine the potential. 

ii) Characterization. Give conditions for some data to be the spectral data of some potential. 

iii) Reconstruction. Give an algorithm for recovering the potential from the spectral data. 

iv) A priori estimates. Obtain estimates of the potential in terms of the spectral data. 

We define the class of scattering data (s, En), where s(z) is a polynomial associated with 
the zeros of the reflection coefficient and En = (zj)j £ z N is a sequence of all zeros of w in Di. 
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Definition S. By Si = Slip), v,r G {0, l},p G N we will denote the class of if, Kf), for 
some N ^ 0, where f is a real polynomial (i.e., a polynomial with real coefficients) given by 

m 

f = Cz u fJ(z-Cn), where Cg1\ {0}, ( n G C \ {0}, m = 2p - 1 - r - v, 
i 

= izj)j e z N is a sequence of zeros of the function fiz)fiz~ 1 ) — if(z), which satisfy 
- 1 < z n _ < ... < z_! < < Zi < ... < z n+ < 1, ±n± ^ 0, N = n + - n_, (1.11) 

i-iy Zj fizf) > 0, j G Z N , and (-1)"±/(±1) ^ . (1.12) 

Remark, i) Below we will show that if q G XI, then is, En) G Si, where En = is 
a sequence of all zeros of it? in ©i. Note that K® = 0. ii) It is possible that the function 
siz)siz~ 1 ) — rfiz) has N\ > N zeros on (—1, 1), and it is important that we take some of 
them with the needed properties fll. 121) . In particular, we emphasize that En is not uniquely 
determined by s. 

Theorem 1.1. Let r, v G {0, 1} and m ^ 3. The mapping 3 '■ X T V — > S T V given by Ziq) = 
is, En) is one-to-one and onto. 

Remark. 1) In the proof of Theorem 11.11 we present algorithm for recovering the potential 
q from the spectral data (s, E N ). The potential q is uniquely determined by the Marchenko 
equations (12.1 2ft -( I2TT6I ) (in terms of is,E N )). Here we use the results about the Marchenko 
equation from [Te] . Standard spectral data for the inverse problem for the Jacobi operator 
J are (s, Zj,m^,j G Zjv), where is so-called norming constant given by 



mf 



J>nO;) 2 , J£%n, (1.13) 



see |Te| . In Theorem 11.11 instead of the norming constants we need the condition (|1.12j) . 

2) In Section 3 we show simple examples of the scattering data for the case p = 1,2. 

3) We briefly indicate how to prove Theorem 1.1. Firstly, we show that if q G X V T , then 
is, En) G Si- Here we check condition f ll.121) . Secondly, we consider the inverse mapping. 
Suppose is, K^) G S". Then in order to determine it; we solve the functional equation (11.81) 
in some class of polynomials (see Theorem 13.21) and this gives the reflection coefficient R±. 
Thirdly, (11.171 ). ( 11.181) yield the norming constants rn^. Then we check that R±,zj,mf,j G 



Zn satisfy conditions from Theorem 12.31 of Teschl [Te] , which we recall for the sake of the 
reader in Sect. 3. Then we obtain a bijection of our mapping. 

4) Assume that s(-) = for some q G X T V . Then (11.81) yields wiz)wiz^ 1 ) = — t(z) 2 , z G C\{0}. 
It is impossible since it; is a polynomial and we have a contradiction. In fact we deduce that 
if s(-) = for some compactly supported "potential" q, then q = 0. 

Let #(/, I) denote the number of zeros of a function / on the set I. 
Definition W. By Wl = Wl(p), v, r G {0, l},p G N we will denote the class of polynomials 



w 



C w \{iz-p n ), O,GM\{0}, m = 2p-\-r-v, p n GC, w(0)>0, (1.14) 
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i) w is real on R and \w(z)\ ^ \v( z )\ f or an V \ z \ = 1? where r\ = z — \, 

ii) w has only real simple zeros zj,j E Z^r in Di, and i/ie sequence En = (zj)j^z N and the 
function F(z) = w(z)w(z~ 1 ) +r) 2 (z) satisfies 

— 1 < z n _ < ... < Z-i < < Z\ < ... < z n+ < 1, for some ± n± ^ 0, iV = n + — n_ ^ 0, 

~#(F, (*n ± , ^)) = eVeU > °» J i) = eUen ^ 2 ' 

I = zi), i,- = (zj,z j+1 ), j E Z N \ {—l,n n+ } — {n_, —2, 1, 2, ..,n + — 1}. (1.15) 

We describe the properties of s, ty and the sequence of zeros = (zj)j e z N C (—1, 1)^. 

Proposition 1.2. Le£ q E XI for some t, v E {0,1}. Then (s,En) £ <Sl,w E Y\?l and for 
each j e7Ln the following identities hold true 

i>+( Zj ) = Biz^izi), B{zJ l )B{z 3 ) = -1, s(z^) s ( Zj ) = n 2 ( Zj ), (1.16) 
m} = -z 3 N{z 3 )B{ Zj ) = -Jf^ w '( Zj ) s ( Zj ), (1.17) 

7 \ z j) 

m+ = m jB 2 (z 3 ), (1.18) 

z.i-iysizf 1 ) > 0, (-l)^V(^) > 0, (1.19) 

(-l) n± w(±l) ^ 0, s(±l) = ±w(±l). (1.20) 

Moreover, let w(z) = YlT w n z n ~ l , s(z) = ^^ p s n z n_1 , w = (u) n )^ p ,s = (s n )^ p G R 2p and 
tei V/i = (0, hi, .., h 2p -i), h = (h n )l P . Then 

2 + (§,§) = (w,w), (V 2 s,s) = 1 + (V 2 w,w) (V 2fc-1 s,S) = (V 2k - 1 w,w),k = 1, .... (1.21) 

Below we will sometimes write w(z, q), s(z, q), .., instead of w(z), s(z), .., when several 
potentials are being dealt with. For q E X T V the iso-resonance set of potentials is given by 

Iso(g) = {rEX T v : w{-,q) = w(-,r)}. (1.22) 

We will describe Iso(g). Assume that we know w and we need to recover the polynomial 
s. Due to Theorem 11.11 the function F(z) = w^w^z' 1 ) + rf{z) = s^s^z' 1 ) has the zeros 
t n , t n+m = t" 1 , n = 1, .., m counted with multiplicity and given by 

o < |t x | < ... < \t m \ < i, (t n )y c u = Di u s+, s^c+ns 1 , 

argt n G [0, 2tt), and if \t n \ = \t k \, argt n ^ argt fc n ^ k. (1.23) 

Note that if \t n \ = 1, then Imt n ^ 0. Hence (t n )™ is a uniquely defined sequence of all zeros 
7^ of F in the set U . Thus t n , t" 1 , n = 1, .., m are all zeros of F and t n or t' 1 is a zero of s. 

If q E X V T , then s = C s z u YIT( Z ~ Cn)i where each ( n ^ 0,n = l,..,m and recall that 
v E {0, 1}. The sequence a = (cr n )™ is defined by 

° = Mo* G {±l} m+1 , = signC s , anrf Cn = C, n = 1, ..,m. (1.24) 
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For each w G we define a set E w of all possible sequences a = (cr n )™ by 
S g =|(7 = (a n )™ C {-l,l} m+1 : G ^, u^ere s = Cz v f[{z -t^),a = signc}. 

In particular we have: 

I) // w(l) = w(—l) = = N, then (cr n )™ is any sequence from {—1, l} m+1 , under the 
condition that f is real. 

II) Ifw(l) ^ (orw(-l) ^0), then (-l) n+ s(l) > for (-l) n -s(l) < ; owesoo = signC,. 

III) If N ^ 1, £/&en condition (— l)- 5 Zjs(zj) > /or some j G Zjv gives <7o = signC s . 

IV) If N ^ 2, £/ien i/ie function s has an odd number ^ 1 of zeros on each of the intervals 
{z n _,z n _ +1 ),...,(z_ 2 ,z_ 1 ) and ( 

Our goal is to show that the spectral data E w give the "proper" parametrization of the set 
Iso(g). Our main Theorem 11.31 shows that a G E w are almost free parameters. Namely, 
we prove that if the function w(z,q) is fixed, then each a n can be changed in an almost 
arbitrary way. 

Theorem 1.3. Let r, v G {0, 1} and m ^ 3. 

%) The mapping '■ %l — » {{w,E w ),w G W^} given by q —>■ (w, (o~ n )™) is one-to-one and 
onto. 

ii) Let q G X T V . Then the mapping ^ : Iso(g) — > S^,, given by r ^ o~(r) (see (11.241) j is a 
bijection between the set of potentials r G Iso(g) and i/ie sei of sequences a(r) G H w ,iu = 
w(-,g). 

A great number of papers are devoted to the inverse problem for the Schrodinger operator, 
(see a book [M] , papers [Fa] . |DT| . |Me| and ref. therein). 



A lot of papers are devoted to the resonances for the ID Schrodinger operator, see [F] , 
|K1| . |K2| . |K3| . [S],[Z], |Z1| . We recall that Zworski [Zj obtained the first results about the 
distribution of resonances for the Schrodinger operator with compactly supported potentials 
on the real line. Korotyaev obtained the characterization (plus uniqueness and recovering) 
of 5*-matrix for the Schrodinger operator with a compactly supported potential on the real 
line [Kl] and on the half-line |K2| . In [K3] for the Schrodinger operator on the half line the 
stability result was given: if x° = {x }^ is a sequence of zeros (eigenvalues and resonances) 
of the Jost function for some real compactly supported potential q and x — x° G l 2 £ for some 
e > 1, then x is the sequence of zeros of the Jost function for some unique real compactly 
supported potential. 

There are a lot of papers and books devoted to the scattering for Jacobi operators, see 
PI - [C2] . [Cq . [CK] . [OT] . [02] . |NMPZ| . £E], [H], [T2]. In the cas e of Ja c obi op e rator s 
also there are papers about the inverse resonance problem, see |BNW| . |MW| . |DS1| . [DS2J. 
In particular, some progress was made by Damanik and Simon in [DS1| . |DS2| . where they 
described the S-matrix for Jacobi operators on the half-lattice both for finite-support and 
exponentially decay perturbations. 
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2 Proof of main Theorems 



We recall well-known facts from |Te| . 

Lemma 2.1. Let q G i\^ v - Then each junction ip p _ n (z),n = 1,2, ..,p is a real polynomial 
and satisfies 

l+f \ ^ 1+ ( \ C A-n+l+b I 4 ,0(1) A 2 

(*) = — > ^p-n(^) = — — c p 1 + -V) , c n = 1 - a n , (2.1) 

Up i/n \ Z Z J 



.2,-2 



(„-^±M + ^l), (2.2) 

os z ^ oo, where (3 n = b n + b n+ \ + ... + b p and rj n = a n a n+ i ■ -a p . Moreover, 
^ n (z) = —(l-z^ n+1 + 0(z 2 )), i>t(z) = z 1 ~ Z P 2 + ° (z2) as z^O, (2.4) 

Vp—n Vl 

ipi(z) = z~\ ^(z) = (2.5) 

Lemma 2.2. Let q G il 2p - Then 

w( z ) = -(b 1 -z- 1 )il>+(z)-a 1 <il>+(z), z^O, (2.6) 
s(z) = (1 - hz-^tiz) - z~ l a^t(z)i (2.7) 

z 2 ?- 1 ( , c p (ci + f3 2 bi)+b 1 b p a 2 p 0(1)\ 

w(z) = — b\c p -\ 1 — as z — > oo 

Vi \ z z 2 J 

l-z(3 1 + 0(z 2 ) 
w(z) = as z — > 0, (2.8) 



^ ( z 2 ^ 1 ( Cpft + W 0(1) \ 

= Cp 1 — as z — ► oo 

??1 V 2 2 / 



m 

Furhermore, if b\ = c p = 0, then 

y 2p-3 



s(z) = — ( -h + zid + b^ + Oiz 2 )) as z^O. (2.9) 



z 

w(z) = (ci&p + 0(1/ z)) as z -> oo. (2.10) 

»7i 
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Proof. Using (11.61) and Lemma I2TT1 we obtain ( 12.61) . ( 12.71) . Then asymptotics from Lemma 
EH imply (EE}, (EH}. If 6i = c p = 0, then (E2), (E3} imply 

;+ 2 2p-3 2p-3 2p~3 

w = -a^t + — = (b p + O^z- 1 )) (b p + 0(z- 1 )) = ( Cl b p + Oiz- 1 )). 

z 771 Vi Vi 

* 

Proof Proposition II. 2L Identities ( 11.161) follow from dl . 5 h . ( II .81) . Recall the following 
identity 

see (10.34) in |Te| . Then using ( 11 .161) we obtain ( 11.171) . Similar arguments give (11.181) . 

Using w(0) > and ( jl.17]) . we obtain w'(zi) < and w'(z 2 ) > 0,.... Moreover, due to 

(PUSH , (li~T7l) we have (051) . Identity ([2^|1 . (I27fll give CTj) . 

Substituting if = Yla ' w n z n ~ l and s = Y^T s n z n ~ x into (11 .8D we obtain (11.211) . ■ 

We need some results about the inverse problems from [Te] for q G l\ = {h = (h n ) n( zz '■ 

^](l + |n|)|/i„|<oo}. Define the Marchenko operator $ n : £ 2 {Z+) -> ^ 2 (Z+) by 

(dnf)k = Yl F ( 2n + m + k)f m , f = (/ n )S° e £ 2 (z + ), z+ = z n [o, oo), (2.12) 

n, k ^ where 

* 2 n - 1 r 
F(n) = i?+ + V^, R± = — R ± (z)z n - l dz } neZ, (2.13) 

3=1 J ■'1*1-1 
and i?^ are the Fourier coefficients of The Marchenko equation is given by 

(/ + dn)ICn(-) = vfa, w/iere /C„ = (/C„(m))~, e n = (5 n , k )™ G £ 2 (Z + ), (2.14) 



i.e. 



Kn(k) + F(2n + k) + F ( 2n + k + m)K n {m) = ifi6 0>k . (2.15) 



m>l 



For each n G Z these equations have unique "decreasing" solutions (/C n (fc))£l . The se- 
quences a nj b n ,n G Z have the forms 



<=T^> & n = ^-^F i ' *S=<e*,(/ + ff„)eo>, fc = 0,l, ^Z, (2.16) 



,2 l _ _ n _ lT( A; 

$o ' °« - yo ^0 ' 

n+1 n n— 1 

where (■, •) is the scalar product in £ 2 (Z + ). Recall the inverse spectral theorem from |Te| . 
Theorem 2.3. T/ze Faddeev mapping 

t\(Z)@l\(Z) -> 6 = (zj^fj G Zjv) G (-1,1)* x Rj,^ ^ 0, iV ^ 0} (2.17) 
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given by (a n — l,6 n ) ne z — > {R+( z )i z e S 1 , (zj,mj,j £ Zjv)} «5 one-to-one and onto, 
where the function R + , the eigenvalues Zj and the norming constants m^,j £ Zjv satisfy the 
conditions 

1) R+(z) = R+{z) = ~^,z £ So = S 1 \ {±1}, anc? the function R+(z) is continuous in 
z £ So «,nd satisfies 

C\l -z 2 \ 2 + \R+(z)\ 2 < 1, allzeSo, for some C > 0. (2.18) 

TTie eigenvalues Zj,j £ Z^ are distinct andmjm'j' = w'(zj) 2 . 

p — _ t? . fV, 

^n|i?±-£± +2 ] <oo. (2.19) 



TTie sequences R ± = (Rn)i° defined in (12.131) with R-(z) = — R + (z)^A satisfy 



We are ready to prove the first result. 
Proof of Theorem 11.11 We consider the case g £ Xq and m — 2p — 1, the proof of other 
cases is similar. If g £ then Lemma [L2l gives that (s,E N ) £ 5°, which yields a mapping 
g — > (s, £7jv) from Xq into 5°. 

We will show uniqueness. Let q £ Then Lemma fL2l gives that (s,En) £ S®, and 
Theorem 13.21 gives a unique w. Moreover, Proposition 11.21 yields the norming constants 
mf,j £ Ztv- These data determine the compactly supported potential uniquely by Theorem 
12.31 Then we deduce that the mapping q — > (s, En) is an injection. 

We will show surjection of the mapping q — > (s,En)- If (s,En) £ «Sq, then Theorem 13.21 
gives unique w £ Wq and we have R + = ~ : ~7^y ■ If n ^ 2p + 1, then we have 



Rt = — [ R + (z)z n - 1 dz = -— [ ^-^-dz = -Y Res Z ^^l =~Y — 
n 2mJ lzl=1 +K) 2mJ ]zl=1 w(z) w(z) ^ «, 



N 



ZJ 



since n — 2 = (2p — 1) + (n — 2p — 1) and the function z 2p *s is a polynomial. Thus 

F(n) = i/ n^2p+l, (2.20) 

and using (12.161) we obtain 

^o = l + F(2n), and a 2 = 1 + F ( 2n ) ( 2 .21) 
v ; ' n l + F(2n + 2) v ; 

thus a 2 n = 1 if n > p. Similar arguments yield b n = if n > p. Then we deduce that 

a n = 1, 6 n = i/ n^p+1. 

Moreover, similar arguments yield b n = 0, a n — if n ^ 0. Then the asymptotics from 
Lemma E21 give that g £ £[], which yields surjection. ■ 

Proof of Theorem II. 3L i) We consider the case q £ £[], the proof of other cases is 
similar. Let q £ Then Proposition 11.21 yield w(-,q) £ Wq and we have the mapping 
q — > (w, a), where the sequence o £ E w is given by (11.241) . since (s, En) £ Sq. 
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By Theorem 13.31 for each (w,a) G (w,E w ) there exists a unique (s,E N ) G Sq, then due 
to Theorem 11.11 the mapping q — > (w,a) is an injection. 

We will prove that is a surjection. Let w G have zeros En = (zj)jez N from 
(-1, 1),N ^ and let a sequence a = (a n )^ G E w be defined by (Oil) . By Theorem [3J2i 
there exists a unique (s, En) G 5q such that (11 . 121) with E'at hold true. Then (s, Sjv) G <Sq 
and, by Theorem ll.il there exists a unique potential gel" with the scattering function s(-). 
Thus the mapping Xes : %l - > {{ w >°~) e W£ x — «;) given by g — >■ (w, (o" n )™) is one-to-one 
and onto, where m = 2p — 1. 

ii) Furthermore, using similar arguments we deduce that if we fix q G 3£^, then the 
mapping \& : r — > cx(s(r)) is a bijection between the iso-resonance set of potentials Iso(g) 
and the set of sequences E w ,w — w(-,q). ■ 



3 Properties of polynomials s, w 

In this section we will get the needed results about polynomials s, w. In order to solve the 
inverse problems (a, b) — > (spectral data) we need the following results. 

Lemma 3.1. Let g = C g YIT( Z ~ Pn) an ^ f = @f YIT( Z ~ Cn) satisfy 

g(z)g(z- 1 ) + V 2 = f(z)f(z- 1 ), r) = z - z' 1 , all z ^ 0, (3.1) 

for some m ^ 3 and g(0) ^ 0, f(0) ^ 0. Then 

m _\2 _ 4 m 1 x 

Y[(\ - p n ) = —- h JJ(A - A„), fi n = Cn + yr, A n = Pn H , (3.2) 

11 Sn Pn 

„ m m 

C = C 2 C ( = C 2 W C P , ^>0, C p = H(- Pn ), C\ - H(-Cn)., (3.3) 
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$>n=x>- -> + c = n^ Xn) - (3 - 4) 

11 1 1 

Proof. Using f = Cf YYi( z ~ Cn) and g = C g Y\^{z — p n ), we obtain 

m m 

C 2 S U( Z ~ Cn^Z- 1 - Cn) = V 2 + Cl \[{Z - - Pn ). 

1 1 

Thus the identities -( n (\ - p n ) = (z - CX^ 1 - Cn) and -p n (X - A n ) = (z - p n ){z~ l - p n ), 
give 



C 2 C C J](A - Pn) = A 2 - 4 + C 2 W C P J](A - X, 



i 



and C 2 C C = C 2 C P = C, which yields g = g| > 0. ■ 

Assume that we know only the polynomial / in the equation (13.11) and we have to deter- 
mine g. In order to do this we have to solve the equation ( 13.11) in some class of polynomials. 
The following Theorem will be used to determine the polynomial w if we know s. 
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Theorem 3.2. i) Let functions f,g be analytic in C \ {0} and satisfy (13.11) and be real on 
R\{0}. Then f 2 (±l) = g 2 {±l). Moreover, if f(±l) = then (/') 2 (±1) = 8 + (g') 2 (±l) > 8. 
ii) Let (fjKj?) G Si, for some (u,t) G {0,1}, iV ^ 0,m ^ 3. Then there exists a unique 
polynomial g G WJ, satisfying (13.11) . 

Remark. It is possible that the function f(z)f(z~ r ) — rf{z) has more zeros on (—1, 1) \ {0}, 
and it is important that we make a special choice which, however, has to satisfy condition 

{US]). 

Proof. The statement i) is very simple and differentiating (13.1ft we obtain (/') 2 (±1) = 
8 + (f) 2 (±l) atz = ±l. 

ii) Recall that / = z v C\^{z — ( n ), where 

CGM\{0}, 0< ICiK IC2I < •• ^ |Cm|, m = 2p-l-T-u, 

and Kf = (Zj)j e % N is some sequence of zeros of the function f(z)f(z^ 1 ) — rf{z) such that 

- 1< z n _< ... <z^<0< Zl < ... <z n+ <l, (-1)"±/(±1) ^ 0, zji-iyfizf 1 ) > 0, (3.5) 

j G Zjv- Then 

m „ m 

Mfc- 1 ) = C 2 ]J(z - ( n )(z- 1 - Q =-%l[{z- Cn)(z - C" 1 ), 
1 ^ 1 

where C = C 2 C C , C c = UT(-Cn)- Then G(z) = f{z)f{z~ 1 ) - rf{z) satisfies 

/Co^a + O^- 1 )) as z^oo 
I C z m (l + 0(z)) as 2-^0 



and thus 



G(z) = -rf{z) + f[(z - Q(z - C 1 ) = ^ 11^ - " Pn 1 ), (3-7) 

1 1 

where p n 7^ 0, p~ l are the zeros of G counted with multiplicity and satisfying 

< \pi\ ^ \p 2 \ ^ .. < I Pat I < 1 < \Pn+i\ ^ •• < |p m |, 

t/ie set {pi,p 2 , -,Pn} = {zj,j € %n} C (-1, 1) \ {0}, (3.8) 

and Conditions i)-iv) in Definition W, since / satisfies Definition S and G(z) = G(l/z) for 
all z 7^ 0. Moreover, using <7o(z) = rii^- 2 — Pn) we have 

C 

G(z) = Cg (z)g (z~ 1 ), where C = (3.9) 

Note that Lemma I3TT1 gives C > 0, then g = C*po an d g(0) > 0, where C* satisfies C*go(0) > 
0,C 2 = C > 0. By the construction of g, this function is unique. ■ 
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In order to solve the inverse problems %l — > we need the following results. Assume 
that we have (w,a), where the function w G W£ and the sequence cr G E w , then we have 
to determine s uniquely. In order to do this we have to solve the equation (13 .ip in class of 
polynomials s G <S£. The sequence a will give uniqueness. The following Theorem will be 
used to determine the function s if we know (w,a). 

Theorem 3.3. Let g G Y\?l , for some u,r G {0, 1}, m ^ 3. T%en /or eac/i a G S 9 defined in 
fl 1.24ft t/iere ernsts a unique (f,K^) G 5^ satisfying i \3.1L 

Proof. Recall that g = C g YYi( z ~ Pn): m = 2p — 1 — t — v for some C 5 G R \ {0} and 
p n G C \ {0} such that: 

i) g is real on R and if +1 and /or —1 are zeros, they are simple, and g(0) > 0, 

ii) \g(z)\ ^ \t](z)\ for any \z\ = 1, where r\ = z — -, 

iii) g has only simple zeros z n _, .., Z-i, Z\, .., z n+ in D x for some ±n± ^ such that —1 < 

Z n - < ■■■ < z -l < < Z\ < ... < Z n+ < 1. 

Then we obtain 

m (J m 

g(z)g{z- 1 ) = C] Y[(z - Pn)^- 1 - p n ) = Y[(z - Pn ){z - p^ 1 ), 
i i 

where C = C] UT(-pn)- Then F(z) = rf(z) + g(z)g( Z - 1 ) satisfies 

\c z m {l + O{z- 1 )) as z^oo . . 

\Cqz m (l + 0(z)) as z^O 

and thus 

2m „ m 

f (*) n<* - *») = ^ ]> - - (3-ii) 
i i 

where t n ^ are the zeros of F counted with multiplicity and satisfying 

< |*i | ^ |*2 1 < •• < \t m \, t n+m = l/t n , all n= 1,2, ..,m, argt n G [0, 2tt), 

where if \t n \ = \t k \, argt n ^ argt fc =^ n ^ k and if |i„| = 1, then lmt n ^ 0, since 
F(z) = F(l/z) for all z ^ 0. Moreover, we have 

„ m „ m 

F ^ Cn)(z - C 1 ) = TT^/oWM*- 1 ), MZ) = U( Z - Cn)> (3-12) 

where ( n = t£ n , (cr n )5™ G H ff . Note that Lemma I3TT1 gives E = -Ar > 0, then / = C*/ and 

g(0) > 0, where C* = We need to chose the sign of C*. By the construction of g, this 
function is unique. ■ 

Example p=l. In this case we have 

w — — {\ — b\z — a\z 2 \ s — — (—bi + Ciz). (3.13) 
a\ a\ 
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1) If we know s = s + 2s±z, then 



ai = -si + \/sl + l, 61 = - — . (3.14) 

2) If we know w, then 



- a ^ = ^ + ^-< - iaf ' ~ < °' P 2 = -^F^ > 0, (3-15) 

where pi,P2 £ K. Then 



and 



1 , Pi + P2 
P\p2 = 2' 6 1 = • 

a( P1P2 
Example p=2. In this specific case we have 

^2 = — , ^1 = , (3-16) 

a 2 aia 2 

u> = — ( - z 3 c 2 h + z 2 {c 2 - a 2 + 6162) - 2(61 + 62) + 1 ) , (3.17) 
ai<22 V / 

s = — lz 3 c 2 - 2 2 (& 2 + &1C2) + z(ci + 6162) - 61 J • (3.18) 
aia 2 V / 

We obtain 4 cases: 

1) The case a 2 7^ 1, 61 7^ have been considered since m = 3. 

2) Let a 2 — l,b 2 ^ 1, 61 = 0, ai 7^ 1. Then it is similar to the case p — 1 and we have: 

— a?^ 2 — zb 2 + 1 — + Ci , 
iu = - , s = z - -. 3.19 

3) If a 2 = 1, 62 ^ 0, 61 7^ 0, then 

^ 2 (M2-a 2 )-^i + & 2 ) + l -^ 2 &2 + ^(ci + hb 2 ) - 61 , Qon . 

u> = , s = . (3.z(J) 

ai ai 

4) If a 2 7^ 1, 61 = 0, ai 7^ 1, then 

z 2 (c 2 - a 2 ) -262 + I ^ 2 c 2 - zb 2 + ci 

u> = , s = z . (3.21) 

a\a 2 a\a 2 
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